The Grad-Shafranov equation describes the magnetic flux distribution of plasma in an axisymmetric system such as a tokamak-type nuclear fusion device. This paper presents a scheme to solve the hyper singular boundary integral equation (HBIE) corresponding to this Grad-Shafranov equation.
Introduction
The magnetohydrodynamic (MHD) equilibrium of plasma in an axisymmetric ( , r z ) system such as a 'tokamak' nuclear fusion device is described by the Grad-Shafranov equation In the present paper the HBIE for the Grad-Shafranov equation is regularized in a similar manner that Mansur et al. [10] used for the HBIE to solve the Laplace equation. A distinctive feature of the present work is that one must deal also with the polynomial expanded source. Even this inhomogeneous source generates a boundary integral, which also contains a hyper singular kernel.
Section 2 describes the process to transform the original HBIE into a form that is convenient to remove the singularities. The resultant boundary integral equation is given in Section 2.5. In Section 3, all boundary integral terms in the resultant equation are further rearranged in such a way that each term converges to a finite value. Discontinuous boundary elements are commonly used for all numerical examples given in Section 4, where the HBIE solutions are compared with the SBIE solutions.
Hyper singular boundary integral equation
One here starts with the standard boundary integral equation for an internal point i , 
Consider a small semicircle of radius  on the boundary as depicted in Fig.1 . The source point i is assumed to be at the center of this semicircle and afterwards the radius  is reduced to zero.
In the following discussion, ( , ) r z  x denotes an arbitrary point along the boundary, while ( , ) a b  ξ means the source point i , i.e., the singular point. 
, , 
and First, the limit of the fundamental solution is given by
Also, the derivatives of *  with respect to a and b approach 
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one can write 
That is, the limit of 
Taylor series expansions of magnetic flux and its derivatives
One here assumes that the magnetic flux and its derivatives can be expanded in the form of a Taylor series expansion:
and hence
where one used the relationship
First, one investigates the limit of the integral in Eq.(6) 
Note here that the quantity
Next, one investigates the limit of another integral
Since the singularity of 2 * / m n     can be expressed by Eq.(15), the limit can be reduced to 2 * 3 2 0 1 2 0 0
If one finds
can be obtained.
As the above two ideas can be applied again to the integrals for particular solutions, one also
and 
Application of everywhere uniform magnetic flux
When one applies everywhere uniform magnetic flux 0  , both sides of the Grad-Shafranov equation (1) 
in this case. Also, if one assumes that the particular solution
From both Eqs.(28a) and (28b), the relationship
can be introduced. Using Eq.(29), Eq.(27) can be rearranged as
Free term in hyper singular boundary integral equation
The first term on the RHS of Eq.(30) can be arranged in the forms
by substituting Eq. (13) 
by substituting Eq. (15) 
Equation (31) 
When 2 1      , i.e., for a smooth boundary, one finds
The same manipulation can be applied to the integrals related to particular solutions on the RHS of Eq.(30), and when 2 1
Resultant hyper singular boundary integral equation
Substituting Eqs. (35) and (36) into Eq.(30), one obtains
for a smooth boundary.
As the magnetic flux takes physically the same value along the plasma boundary, the term 
Simple evaluation of the free term
It is interesting to point out that, if one assumes a special magnetic flux distribution, 
That is, the validity of the present formulation and the accuracy of the numerical integration can be verified by checking if the condition
is satisfied or not. 
Using this distance, one rewrites the second integral on the RHS in Eq.(37) in the form
It should be noticed that the integral given by Eq. (41) is not defined at the singular point
Dividing Eq.(41) into two parts at the point ξ , one writes as 
where one uses the subscripts   and   to mean the downstream and the upstream side from the singular point. Apparently, there is a relationship 
The limit of the first term on the RHS of Eq. (45) 
The singularities at the first and the second terms on the RHS of Eq.(48) have been eliminated.
One here investigate the detail of the third term on the RHS of Eq. (48) ( , )
How the integral of Eq.(49) is made numerically?
Quadratic elements
First of all, one will consider the use of quadratic boundary element approximation [12] .
Quadratic element expressions of the coordinates r and z along a boundary element are given by
using the dimensionless coordinate ( 
On the other hand, the Jacobian | ( ) | J  used in the following type of numerical integral，
has the form of
Equation (52) can be therefore expressed in the form
with the use of the Jacobian given by Eq.(54). Consequently, Eq.(49) can be rewritten as 
The singularities in the first two integrals in Eq.(57) are eliminated, while the second term on the RHS is the Cauchy principal integral itself. Because of this, the quantity o I can be numerically calculated as
The standard Gauss quadrature scheme [13] can be applied to the first term on the RHS of Eq.(58).
Straight line elements
The above discussion can be repeated for straight line boundary elements such as constant and linear elements when one assumes
Here, R  and R  denote the values of distance  at two extreme points on a straight boundary element. It should be noted that 0 o I  for constant elements since 0 ( )
Numerical examples
'Discontinuous' constant, linear and quadratic boundary elements were adopted for all analyses described below to avoid the difficulties which tend to occur in the vicinity of a 'corner'.
Square plasma
Assume hypothetical square plasma, 1.0m each side, as shown in Fig.3 . 
(72) Fig.3 Square plasma Section 4.
Comparison between HBIE and SBIE solutions
Hyper singular boundary element analyses were performed using constant, discontinuous linear and discontinuous quadratic boundary elements for a monomial source 3 2 r z . In these three types of calculations, a total of 192 node points was commonly employed. That is, each side of the square was equally divided into 48, 24 and 16 boundary elements respectively for constant, linear and quadratic element computations.
As an evidence to show the validity of the present formulation, it was demonstrated that the values of the free term numerically given by Eq. (40) in Section 2.6 were almost equal to the exact value,1/2.
In the double precision computation with constant elements, for example, the values for 192 node points lie between 0.49999999269242 and 0.50000000496015. r z along the square boundary
The HBIE results were also compared with the SBIE esults. Figure 5 represents only results obtained using constant boundary elements. In this comparison, discrepancies are found at points near the corners B and C; the HBIE results are a little larger than the SBIE results. The same tendencies were also found even when the linear and the quadratic elements were used. shows the SBIE solution with the same boundary elements for the same problem. In both figures the solid lines denote the BEM solution, while the dashed lines show the analytic solution. Between the two BEM solutions of  shown in Fig.6 , there does not seem to be much differences. Fig.7 . In Table 1 , a total of 2500 internal points is categorized into four groups according to the different levels of the relative error. There is no point where the error is less than 0.1% in the hyper singular BIE calculation results. In contrast, in the standard BIE calculation results 2472 out of 2500 points, i.e., over 98.8% points represent less than 0.01% errors. Fig.7 Relative errors in HBIE and SBIE solutions for the square plasma Table 1 Error tendency in HBIE and SBIE solutions for the square plasma
Section 4.1.2 Refined mesh structures to improve the accuracy
Why are the large errors observed in the HBIE solutions in spite of the use of discontinuous boundary element? One possibility of the reason is that this square plasma geometry has the four 'corner' points. To improve the accuracy, the authors performed additional HBIE analyses with refined mesh structures of quadratic boundary elements applied in the vicinity of each corner point.
In the analyses, each side of the square was divided into one coarse mesh region (0.8m in length) and two fine mesh regions (0.1m long for each), as illustrated in Fig.8 . On the coarse mesh region, 16 boundary elements were commonly used. In contrast, 10 (Case 1) or 20 (Case 2) boundary elements were employed on each fine mesh region. A total of 144 boundary elements (432 node points) was used for Case 1, while 224 boundary elements (672 node points) for Case 2. The relative errors in the HBIE solutions with these refined mesh structures were investigated.
Contour maps of the error for Case 1 and Case 2 are respectively shown in Fig.9(a) and Fig.9(b) .
The relative errors in both cases are also categorized into four groups in Table 2 . Over 89.4% points for Case 2 represent less than 0.01% errors. Apparently the accuracies in HBIE solutions have been improved by introducing the refined mesh structure, although the accuracies do not exceed the ones in SBIE solutions. It is suggested that one needs to employ a large number of node points in the vicinity of the corner to obtain accurate HBIE solutions for a geometry having corner points. Fig.9 Relative errors in the refined SBIE solutions for the square plasma Table 2 Error tendency in the refined HBIE solutions for the square plasma
One will investigate this effect of corner points again in the next section, dealing with a geometry that has no corner.
Circle plasma
One here considers circle plasma of radius 1.0m, center ( , ) (1.0 , 0.0 ) r z m m  in the r z  plane.
It should be noted that this circle boundary has no 'corner' points. One also assumes distributed As shown in Fig.10 and Table 3 , the relative deviations are quite small. Out of a total of 1900 internal points, 878 points (over 46.2%) show less than 0.001% deviations; 1806 points (over 95.0%) represent less than 0.01% deviations. This fact suggests that for a boundary having no corner point, the accuracies of the HBIE solutions are almost the same as those in the SBIE calculations. Fig.10 Relative deviation between HBIE and SBIE solutions for the circle plasma Table 3 Tendency of deviation between HBIE and SBIE solutions for the circle plasma
Tokamak geometry
One here considers a problem of modelling the JT-60 tokamak-device. The reference solutions of plasma current density and magnetic flux had been obtained from an analysis using a reliable equilibrium code, SELENE, which is based on the finite element method [14] . An equilibrium computation was made based on a "hollow" current profile parametrization that has the form
Here, This problem was again analyzed using the hyper singular and the standard boundary element method. The boundary condition 0   was imposed at each nodal point along the boundary. The same current profile parametrization shown above was again assumed. The complete polynomial of the 8-th order was adopted to approximate the 0 rj   distribution, and hence the polynomial consists of a total of 45 terms. To determine the polynomial expansion coefficients, a total of 1758 sampling points was automatically generated within the domain. The plasma boundary is approximated by a total of 57 discontinuous quadratic boundary elements, i.e., a total of 171 node points was employed.
As the source term given by Eq. the SELENE calculation results, as shown in Fig.11 and Fig.12 . In each figure, the solid lines show BEM solutions, while the dashed lines denote the reference results obtained using the SELENE code.
Both HBIE and SBIE results show good agreement with the reference data. Table 4 according to the error levels. There is no large discrepancy of error tendency between the HBIE and the SBIE results, although near the boundary a larger number of points with more than 1.0% error are found in the HBIE results than in the SBIE results.
The 'X-point' indicated in Fig.11(b) and Fig.12(b) is only one 'corner' point in this tokamak problem. Why was the accuracy level in the HBIE solution almost the same as that in the SBIE solution in spite of the existence of X-point? One possible answer is that the accuracy in this case depends mainly on the polynomial approximation of current density distribution. Table 4 Error tendency in HBIE and SBIE solutions for JT-60
Conclusions
This is the first work to solve the HBIE corresponding to the Grad-Shafranov equation. The HBIE has been regularized up to the level of the Cauchy principal value integral. All boundary integrals converge to finite values. Results of test calculations indicate the followings:
(1) The present approach to solve the HBIE provides stable and tolerably accurate numerical solutions.
(2) For a domain having corner points, the HBIE solutions are less accurate than the SBIE ones in spite of the use of discontinuous boundary elements. A finer mesh structure needs to be employed to improve the accuracy. Further effort must be made to investigate this reason.
(3) The discrepancy between the HBIE and the SBIE solutions is quite small for a circle domain that has no corner point.
(4) There is no large discrepancy between the HBIE and the SBIE solutions for the problem of actual fusion device, JT-60, where the current density distribution is approximated using a 2-D polynomial. Tables   Table 1 Error tendency in HBIE and SBIE solutions for the square plasma Table 2 Error tendency in the refined HBIE solutions for the square plasma Table 3 Tendency of deviation between HBIE and SBIE solutions for the circle plasma Table 4 Error tendency in HBIE and SBIE solutions for JT-60
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